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$W^{1,2}(\Omega, \mathrm{S}^{n})=\{u\in W^{1,2}(\Omega, \mathbb{R}^{n+1})||u(x.)|=1$
$\mathrm{a}.\mathrm{e}.\}$
Dirichlet $\mathrm{E}$ : $W^{1,2}(\Omega, \mathrm{S}^{n})arrow \mathrm{R}$
$\mathrm{F}_{\lrcorner}(.u)=\frac{1}{2}\int_{\Omega}|\nabla u|^{2}dx$
$\nabla u=(\frac{\partial u^{i}}{\partial x^{\alpha}}.\overline{)},$ $| \nabla u|^{2}=’\sum_{\alpha=1}^{n}\sum_{i=1}^{n+1}$
.
$( \frac{\partial u^{i}}{\partial x^{\alpha}})^{2}$
Definition 1 (energy minimizing $\mathrm{m}\mathrm{a}\mathrm{p}\grave{)}$
$v-u\in W_{0}^{1,2}(\Omega, \mathbb{R}^{n+1})$ $v\in\nu V^{1.2}(_{\backslash }.\Omega, \mathrm{S}^{n})$
$\mathrm{E}(v)\leq \mathrm{E}(u)$




Remark 1energy minirrfizing map
-.
$x/|x.|\in\nu\nu^{r[perp],2}$ ( $\mathrm{B}’|?$ , S .–l.). $(\mathrm{m}\geq 3)$ .
energy minimizing map $\text{ }$
energy minimizing map (singular point) o
energy i $\mathrm{i}\mathrm{n}\mathrm{g}$ map energy





energy mini zing rnap
?
Theorem 1 (Brezis-Coron-Lieb[1])
$\Omega\subset \mathbb{R}^{3}$ $u\in W^{1,2}(\Omega, \mathrm{S}^{2})$ energy m zing maP, $a\in\Omega$
$u$ ( $a$ )
(1) $u$ $a$ $\deg(_{\backslash }u,$ $a,1$ $\pm 1$
$(2’)$ $R\in_{-}O(3)$ 1, $u_{a,p}\in W^{1,2}(\mathrm{B}^{3}, \mathrm{S}^{2})(\rho’>0\backslash )$
$\rho$. $arrow 0$ $Rx/$ $\mathrm{B}^{3}\backslash \{0\}.-|_{arrow}-\wedge$ $\mathrm{Q}$
$u_{a,\rho}\in W^{1,2}(\mathrm{B}^{3}, \mathrm{S}^{2})$
$u_{a,\rho}(x)=u(a+px)$
Remark 2 $\deg(u, a)$ $a$
$\sigma>0$ $u$ $\overline{\mathrm{B}_{\sigma}^{3}(a)}\backslash \{a\}$
$u$ $\mathrm{B}_{\sigma}^{3}$(a)
u| (a) : $\partial \mathrm{B}_{\sigma}^{3}(‘/,)arrow \mathrm{S}^{2}$
$\uparrow l$ $a$ $\sigma>,$ $0$
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$u\in W^{1,2}(\Omega, \mathrm{S}^{3})$ energy nimizing lnap, $a\in\Omega$
.$u$ ( $a$. )
(1) $u$ $a$ 0 $\pm 1$
(2) $u$ $a$ $\pm 1$ $R\in O(4)$
$(\ovalbox{\tt\small REJECT} u_{a,\rho}\in\nu V^{1,2}(\mathrm{B}^{4}, \mathrm{S}^{3})$ $(\rho>0)$ $\rhoarrow 0$ . $Rx/|x|$ $\mathrm{B}^{4}\backslash \{0\}$
Remark 3 Theorem 1 Theorenl 2
1\sim
2 Harmonic maps
Theorem 1, Theorem 2 $\langle$
Dirichlet
$\text{ }$ Euler-Lagrange 2
(1) $u\in W^{1,2}(\Omega, \mathrm{S}^{n}),$ $\phi\in C_{0}^{\infty}(\Omega, \mathbb{R}^{n+1})$
$e( \text{ })=.\cdot\frac{u(x)+t\phi(x)}{|u(x)\dashv- t\phi(x)|}$
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(2) $u\in$. $W^{1,2}(\Omega, \mathrm{S}^{7\iota}),$ $\eta\in_{-}C_{\mathrm{t}7}^{\infty}(\zeta_{d}),$ $\mathbb{R}^{rr1})\#_{\sim}-X.\backslash \mathrm{f}\mathrm{L}..T_{\backslash }$
$u^{t}(x)=u$ ( $x$ . $t\eta(.x)$ )
$\frac{d}{dt}\mathrm{E}(u_{t})|_{t=0}=\int_{\mathrm{f}1}\{\langle\nabla e\iota, \nabla\phi\rangle-|\nabla u|^{2}(u, \phi)\}dx$
$\langle\nabla u, \nabla\phi\rangle=\sum_{\alpha_{--}^{-1}}^{\uparrow\eta}\sum_{--}^{l\iota+1}\frac{\partial u^{i}}{\partial x^{\alpha}}\frac{\partial\phi^{i}}{\partial x^{\alpha}}\prime i-1$ $(u, \phi)=\sum_{i=1}^{n+1}u^{i}\phi^{i}$ .
$\frac{d}{dt}\mathrm{E}(\prime u^{t})|_{t=0}=\frac{1}{2}\int_{\Omega}\{|\nabla u|^{2}\mathrm{d}\mathrm{i}\mathrm{v}(\eta)-2\sum_{\alpha,\beta=1}^{m}(\frac{\partial u}{\partial x^{a}}.\cdot’\frac{\partial^{r}u}{\partial x^{\beta}})\frac{\partial\eta^{\alpha}}{\partial x^{\beta}}\}dx$.
Dirichlet $\mathrm{f}\mathrm{r}_{\grave{\mathrm{f}\mathrm{l}}^{\sqrt}}$ weakly harmonic map, stationary
harmonic map
Definition 2(weakly $1_{1}\mathrm{a}\mathrm{r}\mathrm{m}\mathrm{o}\mathrm{n}\mathrm{i}\mathrm{c}$ map, $\mathrm{s}\mathrm{t}^{-}\mathrm{a},\mathrm{t}_{1}.\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{a}\mathrm{r}\mathrm{y}$ harmonic map)
(1) $u$ $\mathrm{w}\mathrm{e}\mathrm{a}_{\mathrm{J}}\mathrm{k}1\mathrm{y}$ harmonic map
$\int_{\Omega}\{.\langle\nabla u, \nabla\phi\rangle-|\nabla v\cdot|^{2}(u, \phi)\}=0$ (2.1)
$\phi\in C_{0}^{\infty}(\zeta l, \mathbb{R}^{n+1})$
(2) $u$ stationary harmonic map $u$ weakly harmonic map
$\int_{\Omega}\{|\nabla u|^{2}\mathrm{d}\mathrm{i}\mathrm{v}(_{\backslash }\eta)-2.\sum_{\alpha.\beta=1}^{m}(\frac{\partial u}{\partial x^{\alpha}},$ $\frac{\partial u}{\partial x^{\beta}})\frac{\partial\eta^{\alpha}}{\partial x^{\beta}}\}dx=0$ (2.2)
$\eta\in C_{0}^{\infty}(\Omega., \mathbb{R}^{n})$ .$\acute{\mathrm{t}}$
Remark 4weakly ltannonic $\mathrm{n}’1\mathrm{a}\mathrm{p}$ $\vee\tau_{\backslash }$ $\text{ }$ $|\nabla\iota\iota|^{2}.u$
} $\backslash |$]
$-\cdot-f_{J}$ stationary harinonic map
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Remark 5energy mini zing map stationary harmonic map sta-
tionary harmonic map weakly harmonic map $0$
Reg(u) $=$ { $x\in\Omega|u$ is .continuous at. $x$}
Sing(u)=\Omega \Reg(u)
Theorem 3 (Schoen[5])
$u\in W^{1,2}(\Omega., \mathrm{S}^{n})$ weakly harIJlonic map $u$ $\mathrm{R}\mathrm{e}\mathrm{g}(\cdot u)$
weakly harmonic map
Theorem 4 $u\in W^{1,2}(\Omega, \mathrm{S}^{n})$ weakly harlnonic map
$u$ $\mathrm{s}\mathrm{t}\mathrm{a}.\mathrm{t}_{1}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{a}\mathrm{r}\mathrm{y}$ harmonic map $\text{ }$
weakly harmonic map, stationary harmonic map, energy min-
imizing map ?
( Smith [6] )
Theorem 5 $3\leq m\leq 8$ $d\in \mathbb{Z}\backslash \{0\}$ weakly
$1_{1}\mathrm{a}\mathrm{r}\mathrm{m}\mathrm{o}\mathrm{n}\mathrm{i}\mathrm{c}$ map $u\in W^{1,2}(\mathrm{B}^{m}, \mathrm{S}^{m-1}.)$
(1) $u$ 0
(2) $u$ 0 $\deg(u, 0)$ g $d$




Definition3 $u\in C^{\infty}(\mathrm{S}^{m}., \mathrm{S}^{n}.)$ snlooth hal.In(’nic map $u$
$\Delta_{\mathrm{G}m}.u+|\nabla \mathrm{s}mu|^{2}u=0$ in $\mathrm{S}^{\mathrm{m}}$ .
. $\triangle \mathrm{s}m$ $\mathrm{S}^{m}$ Laplacian: $\nabla_{\mathrm{S}^{m}}$ $\mathrm{S}^{m}$ -[ gradient.
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weakly harmonic map $\text{ }$
$u\in W^{1,2}(\Omega, \mathrm{S}^{n})$ Sing(u) weakly harmonic map
$\psi\in C_{0}^{\infty}(\Omega, \mathbb{R}^{n+1})$ $(\mathrm{c}\iota(x), \psi’(x))=0$ (a $.\mathrm{e}$ . $x\in\Omega$) $\text{ }$
$u$
$\delta_{u}^{2}\mathrm{E}(\psi)=\frac{d^{2}}{dt^{2}}.\mathrm{E}(u_{t})!_{t=0}=/;\{|\nabla \mathrm{t}’.\mathrm{J}’-|\nabla u|^{2}|\psi|^{9-}\sim\}dx$ $(2.3_{l})$
Definition 4 $u\in 7V^{1,2}$ (\Omega $\mathbb{S}^{n}.$) Sing($u1$, weakly harmonic
lnap
$\delta_{u}^{2}\mathrm{E}(\psi)\backslash "-\backslash _{>()}$
$(u(x), ’\psi(x))=0\mathrm{a}.\mathrm{e}$ . $x\in\Omega$ $\psi\in C_{0}^{\infty}(\Omega, \mathbb{R}^{n+1})$
$u$ weakly stable unstable
$\grave{\prime)}$
3Sketch of Proof of $\mathrm{T}1_{1}\mathrm{c}$-orern 1
Brezis-Coron-Lieb $\text{ }$
energy $\mathrm{n}\mathrm{i}\mathrm{m}\mathrm{i}\mathrm{z},\mathrm{i}\mathrm{n}\mathrm{g}$ nla.p $u\in W^{1,2}(\mathrm{B}^{3}, \mathrm{S}\underline{.)})$ . 0
$u$ # homogeneous
$\frac{\partial u}{\partial r}=0$ in. $\mathrm{B}^{3}\backslash \{0\}$
$\text{ }$
( $r=|x|$ . energy mirfiniizing map blow-up $\mathrm{A}$
$u_{0}\in C$“ $(\mathrm{S}^{2}, \mathrm{S}^{2})$
$u(x)=?\mathit{1}0(\begin{array}{l}\mathrm{t}X\cdot\cdot\overline{|}.\check{\tau}\overline{|}\end{array})$ in $\mathrm{B}^{3}.\backslash \{0\}$
$u$ $\mathrm{w}\mathrm{e}‘ \mathrm{a}$kl.yharmonic lnap
$\triangle u\cdot\vdash|\nabla u|^{2}u=0$ in $D^{J}(\mathrm{B}^{3})$ .
$u(x)=u_{0}(x/|x|)$
$\triangle_{\acute{i}^{\urcorner}}2\tau\iota_{0}+\grave{J}|\nabla_{\mathbb{S}^{2}}u|^{2}u=0$ in $\mathrm{S}^{t}\underline{)}$ .
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$u0$
$\mathbb{S}^{2}$ smooth harmonic map $\ovalbox{\tt\small REJECT}$
(homogeneous weAly harmonic map from $\mathrm{B}^{3}$ into $\mathrm{S}^{2}$ )
$rightarrow$ (smooth ha.rIllonic map between $\mathrm{S}^{2}$).
$\mathrm{S}^{2}$ smooth harmonic nla.p $u_{0}$ homogeneous extension
$u(x)=u_{0}(x/|x|)$ energy mininfizing map ?
$\mathrm{S}^{2}$ smooth harnionic Inap
$\mathrm{T}\mathrm{h}\mathrm{e}\mathrm{o}\grave{\mathrm{r}}\mathrm{e}\mathrm{m}6u_{0}\in C^{\infty}(\mathrm{S}^{2}, \mathrm{S}^{2})$ (1) (2)
(1) $u_{0}$ smooth harmonic map
(2) $u_{0}$ holomorphic anti-holomorphic.
Theorem 1
Tlleorem 7 $u_{0}\in C^{\infty}(\mathrm{S}^{2}, \mathrm{S}^{2})$ snlooth harmonic map $u_{0}$
$1_{1}\mathrm{o}\mathrm{m}\mathrm{o}\mathrm{g}\mathrm{e}\mathrm{n}\mathrm{e}\mathrm{o}\mathrm{u}\mathrm{s}$ extension $8l$. statiollary hal.lnonic map
$\int_{@^{2}}|\nabla_{@^{2}}u_{0}|^{2}\omega d\omega=0$ . (3.1)
Proof
$\epsilon>0$ cut-Off function $\chi_{\epsilon}$ $\chi_{\epsilon}(r)=0(0\leq r\leq\epsilon)$ ,
$=\epsilon^{-1}.r-1(\epsilon\leq r\leq 2\epsilon),$ $1(\uparrow\cdot\geq 2\epsilon)$ $u$ $\mathrm{B}_{1}^{3}(0)\backslash \mathrm{B}_{2\epsilon}^{3}(0)$
stationary harmonic map $\eta\in$
$C_{0}^{\infty}(\mathrm{B}_{1}^{3}(0), \mathbb{R}^{3})$
$\int_{\Re(0)\backslash \mathrm{B}_{2\epsilon}^{3}(0)}.\{$
$| \nabla v.|^{2}\mathrm{d}\mathrm{i}\backslash ;(\chi_{\epsilon}^{J}\eta)-2(\frac{\partial u}{\partial x^{\alpha}}’\frac{\partial’u}{\partial x^{\beta}}’)\frac{\partial}{\partial x^{\beta},}(\chi_{\epsilon}\eta)\}dx=0$ .
(3.2)
$\epsilonarrow 0$ $u$ homogeneous
$\mathrm{d}\mathrm{i}\mathrm{v}(\chi_{\epsilon}\eta)=\chi_{\epsilon}\mathrm{d}\mathrm{i}\mathrm{v}(\eta,)+\chi_{\epsilon}’(r)(\frac{x}{r},$ $\eta)$
$( \frac{\partial u}{\partial x^{\alpha}},$ $\frac{\partial u}{\partial x^{\beta}})\frac{\partial}{\partial x^{\beta}}(\chi_{\epsilon}\eta^{\alpha})=\chi_{\epsilon}(\frac{\partial u}{\partial x^{\alpha}},$ $\frac{\partial u}{\partial x^{\beta}})\frac{\partial\eta^{\alpha}}{\partial x^{\beta}}$
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(3.2)
$\int_{\mathrm{B}_{1}^{3}(())\backslash \mathrm{R}_{2\epsilon(0)}^{3}}\lambda_{\mathrm{C}}’$. $\{|\nabla u|^{2}\underline{)}\mathrm{d}\mathrm{i}\mathrm{v}(7l)’($
$-2.[_{\mathrm{B}_{1}^{\}}(0)\backslash \mathrm{R}_{2\epsilon}^{3}(0)}\grave{.}|\nabla$









3 energy m zing map
4 $-\mathrm{b}_{-}$. $u$
stationary harmonic map $0$ 3
Diriclilet
4 $\mathrm{S}\mathrm{k}\mathrm{e}\mathrm{t}\mathrm{c},\mathrm{h}$ of Proof of Theorem 2.
Theorem 2 Theorem 1
energy lninimizing lllap. $\tau\iota \mathrm{C}-W^{1,2}(\mathrm{B}^{4}, \mathrm{S}^{3})$
. smooth $\mathrm{h}.$arm.onic].nal) $u_{0}\in C^{\infty}(\mathrm{S}^{3}, \mathrm{S}^{3})$ $u(x)=u_{0}(x/|x|)$
.‘ $\mathrm{S}^{2}$ $\mathrm{S}^{3}$ srnooth harmonic
map $u_{0}$
$\text{ }$ section $u$ stationary
harmonic map Brezis-Coron-Lieb $arrow-\overline{\mathrm{f}}-1$
$\mathrm{a}_{\text{ }}$
smooth hal.monic rnaps
Theorem 8 $(\mathrm{R}\mathrm{a},\mathrm{m}\mathrm{a}\mathrm{n}\mathrm{a}\mathrm{t}\mathrm{h}\mathrm{a}.11., [4])$
$m,\cdot->\backslash 3$ $u_{0}\in C^{\infty}$ ( $\mathrm{S}^{\gamma}$”, $\mathrm{S}^{n_{\mathit{1}^{\{}}^{\backslash }}j$ smontlt luarnloll.ic $\mathrm{m}\mathrm{a}\mathrm{I}$) $0$ $G^{\mathrm{v}}$
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$\mathrm{S}^{m}$




$g\in G$ $g\in SO(m+1)$
Theorem 2 –^
Lemma 1 $u\in W^{1,2}(\Omega, \mathrm{S}^{\tau\iota})$ Sing(u) weakly harmonic
nlap $\text{ }$ $u$ weakly stable
$\frac{n-3}{ll-1}\int_{\Omega}|\nabla u|^{2}|f|^{2}\leq\int_{\Omega}|\nabla f|^{2}dx$
$f\in C_{0}^{\infty}(\Omega, \mathbb{R})$
Sketch of Proof of Lemma
Step 1. $\psi\in C_{0}^{\infty}(\Omega, \mathbb{R}^{n+1})$ ( $\tilde{\psi}---\psi-(u, \psi)u$
weak stability ($\mathrm{t}^{\backslash }$
Step 2. $f\in C_{0}^{\infty}(\Omega, \mathbb{R})$ \psi =fe Step 1
$\{\mathrm{e}_{\alpha}\}$ R 1 $\alpha$
Sketch of Proof of Theorem 2
Lemma
$\frac{1}{3}\int_{\mathrm{B}_{1}^{4}(0)}|\nabla u|^{2}|f|^{2}dx\leq\int_{\mathrm{B}_{1}^{4}(0)}|\nabla f|^{2}dx$ .
$h\in C_{0}^{\infty}(0,1)$ $\lambda 1$
.
$\text{ }$ $f(x)=h(|x|)$ ’
$\omega_{3}\int_{0}^{1}r^{3}|f_{l}|^{2}dr\cdot<_{\backslash }’’-\frac{1}{3}(\int_{@^{3}}|\nabla_{\grave{\omega}^{3}}\iota u_{0}|^{2}d\omega)\backslash (\int_{0}^{1}r|f|^{2}dr)$ .
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$\omega_{3}$
$\mathrm{S}^{3}$ volume. $\mathrm{f}- \mathrm{l}\mathrm{a}\mathrm{l}\cdot \mathrm{d}\mathrm{y}$ best constant
$\int_{\cap 3}\theta\neg|\nabla_{\acute{\iota}\grave{\backslash }\mathrm{t}}\mathrm{s}u_{0}|^{2}\leq 3\omega_{3}$ .
$\deg(u_{0})\neq 0$ $g\in G$ 1-
$\mathit{1}_{\mathrm{S}^{3}}^{u_{0}\circ gd\omega=0}.$ .
Theorem $u_{0}$. $\circ$. $g$ $x^{\alpha}|_{\mathrm{S}^{3}}(1\leq\alpha\leq 4)$
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